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 SUMMARY  
EFFECT OF SUSPENDED SEDIMENT ON TURBULENT VELOCITY            
   PROFILES IN OPEN-CHANNEL FLOWS 
 
This thesis studies turbulent velocity profiles in open-channel for sediment-laden flows.  
The main purpose is to test a suitable velocity profile function for the whole turbulent 
flow layer by using logarithmic matching method and to study the effects of sediment 
suspension on the model parameters.  Basically, the logarithmic matching method 
combines two asymptotes, in extreme case, which can be expressed as the logarithmic or 
power laws, into a single composite solution.  The composite equation has three terms, a 
log term, a linear term and a function which could be consider as a wake function in 
sediment laden flow. 
The major findings are: 
We introduce two suitable velocity profile models for the whole turbulent flow 
layer by using logarithmic matching method and to study the effects of sediment 
suspension on the model parameters.  Model (1) is analyzed by two logarithmic laws and 
Model (2) is analyzed by two power laws.   A model (1) turbulent velocity profile 
equation, a composite equation, consists of three parts: a log term, a linear term and a 
linear function.  Model (2) velocity profile equation consists of exponential or power 
term.   
These two velocity profile equations are referred to as the logarithmic matching 
equations (1) and (2).  The new equations consider the whole layer. 
 viii
The logarithmic matching equations agree well with experimental data for 
sediment-laden flow in the whole flow layer.  Sediment suspension affected on the 
velocity profile in two factors: sediment concentration and density gradient (the 
Richardson number Ri).  
The flow with sediment can be divided into an inner suspension region near the 
bed and an outer region in the free stream, with the properties of the sediment transfer 
process being different in the two zones.  The relating concentration profile models are 
established for these two regions based on the logarithmic law and the power law.   
 In our work, we use the Gauss-Newton nonlinear optimization method to find the 
parameters.  The logarithmic matching equation (1) contains four parameters: (1) the von 
Karman constant in near bed region κ = 0.4; (2) the von Karman constant in main flow 
region κm which is less than 0.4; (3) the integration constant C1; and (4) the matching 
parameter x0. 
The logarithmic matching equation (2) contains two parameters: the exponential 
parameter γ1 and the power law constant α1.  
The concentration profile equation which is related for inner region is established 
by power law.  It has two parameters: the exponential parameter γ and the power law 
constant α.  The concentration profile equation of outer suspension region is modeled by 





A  integration constant 
a  a reference of flow depth  
B  another integration constant 
C1, C2   integration constants in logarithmic law 
C  mass concentration (g/l) 
C   average sediment concentration 
Ca  a reference sediment concentration 
Cd  drag coefficient 
Cv  volumetric concentration 
Cw  concentration by weight 
Cf   skin-friction coefficient 
d  particle diameter 
d50  median particle diameter 
g  acceleration due to gravity 
h  avg. depth of open-channel flow  
K1,  K2  slope constant 
lm  Prandtl's mixing length 
Re   Reynolds' number 
ms  mass of sediment 
S  channel slope 
Se  energy slope 
 x
T  temperature (ºF) 
T0   absolute temperature 
U  avg. flow velocity  
u  velocity at a distance y from the bed 
u   average velocity 
maxu   maximum velocity 
u*  shear velocity 
u',v',w'  velocity fluctuation 
''
zx vv   average of absolute values of vx' , vz' respectively 
Vs  settling velocity of the sediment particle 
Vwind  wind velocity over the water 
R  pipe radius 
Rb  hydraulic radius 
Re  Reynold number 
Ri   Richardson number 
x  coordinate of the downstream direction 
x0   a reference of x 
w  coordinate of the lateral direction 
y  vertical distance from bed 
y0  matching parameter 
z  coordinate of the upward direction that is perpendicular to x-y plane 
α  equation parameter 
 xi
α1, α2  power law constants 
γ1, γ2  exponential parameters 
β  transitional shape parameter 
+
1ε   dimensionless eddy viscosity at the water surface  
εm  coefficient of momentum exchange 
εs  diffusion coefficient of sediment  
δ boundary layer thickness, which is the distance form the bed to the 
position of maximum velocity 
ρ0  mass density of water 
ρ  density of water-sediment mixture 
ρs  density of the sediment 
ρm  density of the sediment-laden flow 
ρair  air density 
П  wake strength 
Ω0   wake strength for clear water 
η  dimensionless distance form wall 
λ  free surface factor 
λ0  water surface shear effect factor 
µ  dynamic viscosity of fluid 
µ0  absolute viscosity 
ν  kinematic viscosity 
τ  shear stress 
 xii
τ0  bed shear stress 
ξ  vertical distance from bed normalized by flow depth 
γ  specific weight of water 
γs  specific weight of sediment 
γm  specific weight of sediment-laden flow 
κ  von Karman constant  
κ0  von Karman constant in clear water 
κm  von Karman constant in main flow region, less than 0.4 
ω  settling velocity 
 xiii
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 CHAPTER 1 
 INTRODUCTION 
 
1.1 General Statement of the subject 
Turbulent sediment-laden flows are of direct importance not only to river and 
environmental engineering but also to other related areas, such as coastal sediment 
transport and transport of materials in pipelines.  Turbulent velocity profile is a basis 
subject in fluid mechanics.  Knowledge of turbulent velocity profiles in open-channel 
flow is important analysis of resistance to flow, contaminant transport, and sediment 
studies.  The turbulence in open-channel flows is very important in fundamental 
hydraulics and fluid mechanics as well as in applied hydraulic engineering such as river 
and estuary engineering.  Despite of decades of intensive research, the mechanics of 
sediment transport remains far from a complete physical or analytical description.  At 
present, even for clear water turbulent flows reliable information on the main flow 
parameter (such as velocity and shear stress distributions) is available only for two-
dimension flows.  Therefore, sediment-laden flows can be studied only for the simplest 
case.  This study addresses the problem: what is the best functional form of the velocity 
profile equation in open-channel with sediment-laden flow and how does sediment 
suspension affect the velocity profile.  Its accurate prediction is helpful for the analysis of 





1.2 Background of study 
Although many investigations on velocity profiles have been reported for at least one 
century, this subject is still very challenging.  The interactions of suspended particles 
with the underlying turbulent flows and resulting effects have remained challenging 
problems in fluid mechanics.   The well-known universal law of velocity distribution in 
the turbulent boundary layer was deduced by Prandtl (1932) using mixing-length 
hypothesis and by von Karman (1930) using the similarity hypothesis. The studies in 
clear water include Nikuradse (1932), Keulegan (1938), Laufer (1954), Clauser (1956), 
Patel and Head (1969), Nezu and Nagagawa (1993), Parahtasarathy and Muste (1993), 
Zagarola (1996), Guo (1998) and many others.  The studies in sediment-laden flows 
include Vanoni (1946), Einstein and Chien (1955), Vanoni and Nomicos (1960), Elata 
and Ippen (1961),  Montes and Ippen (1973), Itakura and Kishi(1980), Lau (1983), 
Coleman (1981, 1986), Karim and Kennedy (1987), Lyn (1986, 1988, 1991, 1992), Wang 
and Qian(1989 ,1992), Barenblatt (1993), Muste and Patel (1997), Guo and Julien (2001) 
and many others.  They examined the log law, the log-wake law, and power law and 
modified log-wake law describing the variation of velocity with depth in sediment-laden 
flows.  They concluded that the von Karman decreases and turbulence intensity increases 
with increasing sediment concentration.  Coleman (1986) pointed out that the previous 
conclusion, i.e., κ decreases with sediment suspension, was obtained by incorrectly 
extending the log law to the wake layer where the velocity deviate the log law 
systematically in clear water.  Paker and Coleman (1986) and Cioffi and Gallerano 
(1991) supported Coleman's argument.  However, Lyn (1986, 1988) found that the von 
Karman constant κ might decrease with sediment suspension even in the log-wake 
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model. The measurements in the whole turbulent layer have indicated that a logarithmic 
equation describes the actual velocity distribution well in the region near the bed, 
whereas the experiment data deviate from the logarithmic equation in the outer region.  
The magnitude of the departure is larger with the increase in the sediment load.  
Obviously, the subject of the velocity profiles in open-channel is still very challenging 
and a further research is indicated. 
 
1.3 Objectives 
The specific objectives addressed in this study are:  
(1)  To establish new velocity profile models in open channel for sediment-laden 
flows using logarithmic matching method proposed by Guo (2002). 
(2) To analyze the effects of sediment suspension on the logarithmic matching 
equations for the whole turbulent layer. 
(3) To determine the model parameters used in logarithmic matching equations by 
using Gauss-Newton nonlinear optimization method (least square method).  
(4)  To study the effects of sediment suspension on the von Karman constant κ  and 
other parameters used in the logarithmic matching equations. 
(5)  To show the flow with sediment can be divided into two layer (i) inner suspension 
region near the bed and (ii) outer region in the free stream.  
(6)  To establish the relating concentration profile models for these two regions based 




1.4 Outline of the present study 
This thesis includes six chapters.   
Chapter 1 Introduction -- briefly introduces the subject and states the objectives.   
Chapter 2   Literature review -- reviews previous major investigations in open-channel 
flows.   
Chapter 3  Modeling the Logarithmic Matching equation -- first presents the 
logarithmic matching method and then proposes the new velocity profile 
equations.   
Chapter 4 Test of the Logarithmic matching equations -- tests the logarithmic 
matching equations and studies the model parameters in sediment-laden 
flows, and studies the effects of sediment suspension on the velocity 
profiles in sediment-laden flows. 
Chapter 5 Sediment suspension in Open channel flow -- shows the two suspension 
regions in open channel flow and then establishes the relating 
concentration profile equations for these regions and tests these two 
concentration profile equations. 
 
Chapter 6 Conclusions -- the thesis concludes with the contributions of proposed 




   




 In this chapter, the previous studies regarding velocity profiles in open-channels are 
reviewed.  Before developing the new method to predict the velocity distribution for 
sediment-laden flow, it is important to review the characteristics of velocity distribution 
for clear water and sediment-laden flows.  In section 2.2, the velocity profile in clear 
water is reviewed.  Then, a review of the sediment-laden velocity profiles is presented in 
section 2.3, and finally a brief review of concentration profiles is given in section 2.5. 
 
2.2  Velocity profile of clear water flow 
 Clear-water flow in an open channel is controlled by the Reynolds number based on the 
friction velocity and flow depth, conditions of the wall (size and texture of the 
roughness), and the presence of the free surface.  Most of the turbulence generation takes 
place in the near-wall region, which is then diffused to the outer regions of the flow.  Far 
from the wall, the mean flow losses energy working against the Reynolds stresses.  
Experimental evidence show that all wall shear turbulent velocity profiles can be divided 
into two regions (Coles, 1956): an inner region where turbulence is directly affected by 
the bed; and an outer region where the flow is only indirectly affected by the bed through 
its shear stress.  Depending on the size of the wall roughness, the following classification 













constyu += ++ ln1κ
(a) hydraulically smooth bed ( 5<+sk where vyuks /*=+ , is the roughness Reynolds 
number; (b) transitional rough bed ( )705 ≤≤ +sk ; (c) fully rough bed ( 70≥+sk ).  
The inner region can be further divided into a viscous sublayer, a buffer layer, and an 
overlap.  Since the variation from the inner region to outer region is gradual, the overlap 
is also a part to the outer regions.  Thus, the outer region can be further divided into the 
overlap and wake layer.  In brief, the flow domain in wall shear turbulence can be divided 
into four layers: viscous sublayer, buffer layer, overlap (or intermediate layer), and wake 










Fig. 2.1 Sketch of a representative velocity profile in open-channels.  
 
2.2.1 Linear law  















 (2.1)  
 w = constant 
Applying the non-slip condition gives that 
 w = 0  (2.2)  



























































Applying the bottom shear stress τ = τ0 at z = 0 gives that 
 τ0 = C  (2.5) 







which is the governing equation in 2-D open-channel flows. 







 (4) Mixing length hypothesis: The Reynolds shear stress or turbulent shear stress can be 








dulwu mρρ  (2.8) 
Prandtl (1932) and von Karman of Göttingen group assumed that the mixing length lm is 
proportional to the distance y from the bed in the turbulent boundary layer as 
 lm = kz (2.9) 
where κ is von-Karman constant. 




















it follows that the distributions is linear with distance from the wall. 
equation (2.11) gives 
 tconszu tan0 += µ
τ  (2.12) 





Applying the relations 
2








This phenomenon is called the law of the wall or linear law, and it is one of the most 
universal laws in wall turbulence.  Experiments show that the above equation is valid in 
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the range of 0 ≤ ν
*zu
 ≤ 5.  It can be clearly seen that in Fig. 2.3.  This region is called the 
viscous sublayer. 
 
2.2.2 Log Law 
The log law is usually regarded as a complete success since it can be derived from a 
complete similarity assumption (Schlichting, 1979, p-587). 








dulρτ  (2.15) 




























* κ  (2.19) 
in which C is an integration constant and κ is von-Karman constant. 





u += νκ   (2.20)  
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in which  κ and C1 are constants. The Karman constants, κ, and the integration constant, 
C1, are assumed to be universal constants; however, there is no complete agreement about 
their values.  The most often-used values are: κ in the range 0.04-0.43 and C1 in the range 
5.0-5.6.  Experimental data along with the equation relating the mean velocity 
distribution in open-channel flows are illustrated in Figure 2.3, indicating that the 
logarithmic law is in good agreement with the data for the overlap region .  Nikuradse 
(1932) of Göttingen group has obtained the well known value of κ = 0.4 and C1 = 5.5 in 
air pipe flows.  Nezu and Nakagawa (1993) have reviewed the following results in the 
other wall shear flows: 
(1) κ = 0.41 and C1 = 5.0 in boundary layers by Coles(1986); 
(2) κ = 0.41 and C1 = 5.17 in closed-channel flows by Dean (1978); 
(3) κ = 0.41 and C1 = 5.2 in boundary layers by Brederode & Bradshaw(1974); 
(4) κ = 0.41 and C1 = 5.29 in open-channel flows by Nezu & Rodi(1986). 
According to Nezu and Nakagawa (1993), κ and C1 constants are universal regardless of 
flow properties.  The universality is expected from the similarity of turbulence structure 
in the wall region for boundary layers, closed-channel flows, and open-channel flows.  
This similarity was also confirmed for turbulent asymmetric channel flows in the work of 
Parthasarathy and Muste (1993).   
The equation (2.19) can also be expressed by terms of the outer variables as 
 B
u
uu +−=− ξκ ln
1
*
max  (2.21) 
in which =maxu  the velocity at the water surface for a wide channel or at the boundary 
layer margin  for a narrow channel; hy=ξ , and y is distance from wall, and B = -1.0 
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for a smooth plate (Kundu&Cohen(2002), P-532).  This is known as universal velocity-
defect law.  Experiments (Zagarola, 1996) show that the log law is usually valid in the 
range of ν/*zu  >500 and ξ < 0.1.  It can be clearly see in Fig.2.2. 
 
2.2.3 Power law 
Derivation starts from similarity and asymptotic considerations, namely the assumption 
that the mean velocity gradient uy∂  can depend on the following kinematics quantities 
only: u*, y, ν and d.  Therefore, from dimensional considerations one obtains 
 Re),()/( * ηΦ=∂ yuuy   or   Re),,()/1( ηηφη Φ=∂  (2.22) 
where Ф is some dimensionless function of its dimensionless arguments.  
According to the alternative assumption used in the derivation of the power law 
(Barenblatt and Monin (1979); Barenblatt (1979) a finite limit of the function Re),(ηΦ as 
∞→∞→ Re,η  does not exist.  However, at large η and large Re, the function Ф has, 
according to the alternative assumption, a power type asymptotic behaviour 
 αηA~Φ   (2.23) 
where α and A depend somehow on the flow Reynolds number. 
If the asymptotic law (2.23) is valid, then we substitute equation (2.23) into (2.24) and 
obtain, by integration, the power law was obtained 
   αηφ C=  (2.24) 
where */ uu=φ , νη /* zu= . 
Here u* = (τ / ρ)1/2 , τ is the shear on the wall, ρ is the fluid density, ν is the kinematic 
viscosity, C and α are dimensional constants believed to be slowly varying functions of 
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the flow Reynolds number Re = ν/du , and u  is the mean fluid velocity averaged over 
the tube (or channel) cross-section.   











du  (2.25) 
The analysis by Barenblatt (1993) was for a pipe flow.  He proposed a power-law scaling 
with constants and exponents that depend on Reynolds number.  George et al.(1992) 
proposed  a power-law scaling for the overlap region and friction factor. In the analysis of 
George et al., they stated that the power-law scaling was for boundary layer only and that 
the logarithmic scaling should hold for all internal flows.  The value of the constants C 
and α differs widely.  Different values of C and α are found in the following literatures 
Schlichting (1955), C = 8.74, α = 1/7 
Klebanoff and Diehl (1951), C = 8.16 
Wieghardt (1945) , α = 1/7.7 
Clauser (1956), α = 1/3 to 1/10 
Zagarola (1996), C = 8.70, α = 0.137 
Zagarola (1996) experimental showed that the existence of a power-law for the range of 
ν/* zu is quite interesting.  The data is excellent for 50< ν/* zu <500, which is shown in 
Figure 2.2.  Hinze 1975, p-629) showed that the value of C = 8.3 is obtained if the power 
law velocity distribution is made to fit the logarithmic velocity distribution in the 
overlapping region ν/* zu = 100 to 1000.  The value of α = 1/7 is obtained if Blasius’ 










c f  (2.26) 
is assumed, where cf denotes the local skin-friction coefficient. 
 
Fig.2.2. A comparison between log law and power law for Reynolds numbers between 
31×103 and 4.4×106. (after Zagarola (1996)). 
 
2.2.4 Log wake law 
Deviations from the standard log-law in the outer layer of open-channel flows should not 
be accounted for by adjusting the constants in log law, but rather by adding a wake 
function, similar to the outer-layer of boundary layers (White, 1991). The law of the 
wake or the log-wake law, proposed by Coles (1956, 1969), is a popular one in the outer 
region.  Coles surveyed a lot of experiments of boundary layer flows; all experimental 
data showed that the velocity defect law in the outer region is a composite of two 
universal functions, i.e., the law of the wall and the law of the wake.  That is, 
 14











Π=  (2.28) 
where the quantity П is called wake strength parameter.  The w(ξ) is called Coles' wake 
function, which implies a measure of deviation from the log-law in the outer region.  
Experimental data along with equation (2.27) are also shown in Fig. 2.3. 
 
Fig. 2.3.  Mean velocity distribution in open-channel flows; 
    Turbulence in Open-channel flows. Nezu, I., and Nakagawa, H. (1993).   
    IAHR Monograph Series, A.A. Balkema, Netherlands 
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  (2.29) 
where u1max is the velocity at y = h, the free surface.  П is the Coles wake strength 
coefficient and varies with the pressure gradient in a boundary layer flow.  П depends on 
the Reynolds numbers, as found in the flat-plate turbulent boundary layer.  Cebei and 
Smith(1974) found experimentally that the value of Π increased monotonically with an 
increase of the Reynolds number in zero-pressure-gradient boundary layers and its value 
attained 0.55 at high Reynolds numbers.  The wake flow function is just a purely 











  (2.30) 
Experimental data along with equation (2.30) are shown in Figure2.4.  It is seen that П 
depends on the Reynolds number, as found in the flat-plate turbulent boundary layer. 
Several researchers (Coleman, 1981, 1986; Nezu and Nakagawa, 1993) systematically 
examined it in open-channels.  They found that the wake flow function can also improve 
the accuracy of the velocity profiles in open-channels.  The values of П obtained in open-
channels are the following: (a) Coleman (1981, 1986) obtained П = 0.19 
(b) Nezu and Rodi (1986) found П = 0.2 
(c) Kirkgoz (1989) reported a value of П =0.1 
(d) Cardoso et al. (1989) observed П = - 0.077 in a flow over smooth bed; 
(e) Kironoto and Graf (1994) stated that П = - 0.08 ~ 0.04 for flows over gravel bed; and  
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(f) Wang and Plate (1996) got П = -0.06 ~ -0.2 where κ = 0.33 ~ 0.4 for non-Newtonian 
fluid. So that it can conclude that a universal value of П may therefore not exist in open-
channels.  Note that although many investigators regarded the log-wake law as a great 
success in the outer region, as Coles (1969) stated, it is not valid near the upper boundary 
layer edge (ξ > 0.6 – 0.9).  This is because it does not satisfy the boundary condition. 
 
 
Fig. 2.4.  Velocity-defect law in Open-channel flows; 
    Turbulence in Open-channel flows. Nezu, I., and Nakagawa, H. (1993).  





2.2.5 Modified log-wake law 
The modified log-wake law was originally proposed in clear water (Guo, 1998).  The 
modified log-wake law was improved by similarity approach, the four-step similarity 
analysis method, which includes dimensional analysis, intermediate asymptotic, wake 
correction, and boundary correction.  Based on this approach, the modified log-wake law 





















  (2.31) 
in which κ0 and Ω0 are two experimental constants.  The last term is due to the boundary 
correction. 
The velocity profile near a water surface or a boundary layer margin can be expressed as 







































The boundary conditions at the water surface of a 2D channel can be expressed as: 
Velocity at the water surface: 
max1
1
1 uu ==ξ  




)( uVC windaird −== ρτ ξ  (2.33) 
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in which max1u = the maximum velocity; ρair = 1.21 kg/m3 is the air density in the standard 
atmosphere; Vwind  is the wind velocity over the water; and Cd = the water surface drag 
coefficient which is in the order of 10-3 but difficult to determine accurately .  On the 
other hand, the shear stress (turbulent shear stress) at the water surface relates to the 











in which ε+1 is the dimensionless eddy viscosity at the water surface.  From the above two 


























λξ ξ  (2.36) 
 
in which λ0 = Cdρair/(ε1+ρ0) is called the water surface shear effect factor.  The above 
equation shows that the shear stress at the water surface at the water surface is usually 
nonzero except that the wind velocity over the water is equal to the water surface 
velocity. 
However, the boundary layer thickness in a narrow channel is not the water depth, rather 
it is usually defined as the distance from the bed to the maximum velocity position.  In 






























in which λ0 = 0 for narrow channels and pipes, and λ0 > 0 for wide channels.  
 
2.3 Velocity profile of sediment-laden flow 
The interaction of suspended particles with the underlying turbulent flows and resulting 
effects has remained challenging problems in fluid mechanics.  Sediment laden flows, 
among other two-phase flows, provide a unique opportunity for the application of the 
recently-developed numerical and experimental techniques.  Therefore, many 
investigations, during the past 50 years, have focused on the unresolved problems in 
sediment-laden open-channel flows.  The primary difficulty in our understanding of 
sediment-laden flows is the lack of accurate description of the transport processes as a 
result of the interaction between the turbulent liquid flow and sediment particles. The 
dynamic behavior (mean and turbulent characteristics) of the flow medium determines 
the sediment transport, which in turn influences the flow and changes its characteristics.  
Because more independent variables, such as sediment concentration and density 
gradient, are involved in sediment-laden flow systems, velocity profiles in sediment-
laden flow are much more complicated than those in clear water. 
  
2.3.1 log law in sediment-laden flows 
The logarithmic velocity profiles for sediment-laden flow have closely followed the work 
for clear water flow.  In some early studies performed by Vanoni (1946,1953), it was 
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found that the presence of sediment was felt throughout the flow; the flow resistance and 
the Karman constant, κ, decreased, and while the velocity averaged across the depth 
increased with the addition of sediment. Einstein and Chien(1955) proposed a graphical 
relation to predict the von Karman constant κ based on an energy concept.  They also 
point out that the effect of sediment suspension occurs near the bed.  
 Elata and Ippen (1961), who used an impact-tube transducer to measure longitudinal 
velocity fluctuations in a flow transporting neutrally buoyant particles of a single size. 
They reported a decrease in κ, and an increase in turbulence intensity with increasing 
particle concentration.  Montes and Ippen (1973) reported increased resistance for similar 
conditions. The velocity profiles and the flow resistance were analyzed separately in 
these early works even through these two flow characteristics are interconnected.   
Later, Vanoni and Nomicos (1960) modified the Einstein and Chien's parameter with the 
average volumetric concentration near the bed.  Barton and Lin (1955) discussed the 
variation of the von Karman constant κ from the view to density gradient.  Chien and 
Wan (1999) unified various arguments with a Richardson number.  To explain his neutral 
particle experiments, Ippen (1971) argued that suspended sediment affects the velocity 
profile mainly by changing water viscosity.  Almost at the same time as Einstein and 
Chien (1955) and Barenblatt (1953, 1996) also analyzed the effect of sediment 
suspension on the log law from a view of complete similarity.  They considered the 
momentum equation, the sediment concentration equation and the turbulent energy 
equation simultaneously and concluded that the log law is still valid in sediment-laden 
flows except that the von Karman constant becomes smaller.  This is exactly the same 
conclusion as that drawn by Einstein and Chien (1955).  Barenblatt (1996) further pointed 
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out that the application of the log law in sediment-laden flows, as it in clear water, is 
limited to the overlap zone.  In other words, the log law may not be valid in the wake 
layer and near the water surface.   
Muste and Patel (1997) also studied experimentally the effect of sediment suspension on 
the log law.  They concluded that small sediment concentrations have little effect on the 
log law near the bed.  However, this experiment result has not always been supported by 
others.  Imamoto et al. (1977) found that the value of the von Karman constant increases 
with the increase of sediment concentration.  
  
2.3.2 Power law in sediment-laden flow 
Landweber(1957) made a convincing case on analytical grounds for selection of the 
power law formulation over the logarithmic.  Because it is less restrictive, the power law 
appears to be better able than the logarithmic distributions to accommodate the effects of 
sediment on velocity profiles.  Additionally, it does not display the troublesome near bed 
singularity that detracts severely from the logarithmic relations, and does not give rise to 
the apparent contradiction concerning the diffusion coefficients for momentum and 
sediment that arises in suspended sediment distribution formulas based on logarithmic 
profiles. 
Karim and Kennedy (1987) proposed the equation for the exponent in power-law velocity 
distribution is formulated by relating the rate of energy dissipation due to turbulent shear 
of the sediment bed layer to the increased rate of fluid-shear energy dissipation produced 
by the moving sediment.  
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Yuan and Sheng (1991) investigated generalized power and logarithmic laws to predict 
the mean velocity distribution in sediment-laden flows. They performed a thorough 
review of the previous studies and classified all attempts along these lines. Their results 
were based on experimental data presented by several investigators. Also, a critical 
analysis summarized the advantages and limitations of the various velocity distribution 
laws. 
 
2.3.3 Log-wake law in sediment-laden flows 
Coleman (1981), argued that the Karman constant was not dependent on the sediment 
concentration, although the mean velocity profile responded to the presence of suspended 
sediment by changing the shape. Re-examining earlier experimental (Vanoni 1953, 1977, 
Einstein and Chien, 1955, Elata and Ippen, (1961)) Coleman (1981) showed how a wrong 
conclusion could be drawn concerning the variation of the Karman constant. First, the 
segment selected for κ determination was in the central part of the velocity profile and 
not in the overlap region. Second, the wrong conclusion was also facilitated by the fact 
that these studies showed a very small or no wake region. New experiments were 
conducted by Coleman(1981) from which it was concluded that the presence of the 
suspended sediment changed only the value of the wake parameter, Π with suspended 
sediment concentration led Coleman(1981) to the conclusion that turbulence was reduced 
in the outer part of the flow and the sediment effect was limited to this region. 
Coleman's argument was supported by Parker and Coleman (1986), Cioffi and Gallerano 
(1991).  Coleman's conclusion is actually an analogy to the effect of pressure-gradient on 
boundary-layer flows.  However, the pressure equation of a boundary layer flow in the 
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normal direction is not similar to the sediment concentration equation in a sediment-laden 
flow.  The pressure or pressure-gradient is regarded as a constant at a certain cross-
section in a boundary layer flow while the sediment concentration is usually not uniform 
in the vertical direction.  In other words, the von Karman constant κ is not necessarily 
constant in sediment-laden flows. 
Lau (1983) investigated the effect of sediment suspension on the flow resistance using 
the wake function that appeared in Coleman's equation, and found that the wake 
coefficient increases with the increase of the sediment load in the flow.  Vetter (1986) 
also supported Coleman's approach for estimating the κ value by using the slope of the 
logarithmic velocity distribution in the lower part of the depth. Using experimental data 
from both the laboratory and rivers, he showed that the introduction of the wake 
component term accounted for the influence of suspended particles, with κ remaining 
unchanged for different suspended-sediment concentrations.  
Parker and Coleman (1986) proposed a depth-integrated method of analysis for sediment-
laden flow in order to quantify the effect of the sediment. An increase in the layer-
averaged velocity reduction in flow depth, change in the level of turbulence, a decrease of 
bed resistance, and increase of the wake parameter Π were found as a result of the 
sediment presence in the flow. 
Contrary to Coleman's finding, Lyn (1986, 1988) believed that the effect of sediment 
suspension mainly occurs near the bed.  In other words, the von Karman constant κ may 
decrease with sediment suspension while the wake strength coefficient П may be 
independent of sediment suspension and kept about 0.2, the same as that in clear water.   
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Kereselidze and Kutavaia (1995), from their own experiments, deduced that both κ and П 
are vary with sediment suspension. 
  
2.3.4 Modified lag-wake law in sediment-laden flows 
Guo and Julien (2001) have recently reviewed previous data of velocity profiles in 
sediment-laden open-channel flows and proposed a modified log-wake law.  As the 




κ  (2.39) 
 C71.365.12 +=Π=Ω κ  (2.40) 
in which κ0 is the von Karman constant in clear water, i.e κ0 = 0.41.  C  is the local time-
averaged volumetric sediment concentration. The above two equation give that κ < κ0 = 
0.41 and Π = 0.3 in sediment-laden flows.  This may support a previous suggestion that 
the von Karman constant κ decreases with an increase of the sediment concentration, 
especially in dense sediment flows. 
 
2.4 Log –linear law and others 
The log-linear law was originally proposed in temperature stratified flows       













κ  (2.41) 
in which y0 is a reference point; and LM is the Monin-Obukhov length.  The above 






















in which ξ = y/δ.  From the formula appearance, the log-linear law is another type of the 
log-wake law, except that the wake function is a linear function rather than a sine 
function.  Itakura and Kishi (1980) applied the log-linear law to sediment-laden flows.  
However, this extension is not accepted by sediment researchers.  As pointed out by Lyn 
(1986), the foundation of the log-linear law, where the turbulent temperature flux is a 
constant, is not applicable in sediment-laden flows since the turbulent sediment 
concentration flux is not a constant in the vertical direction at all.    
Besides the log-wake law and the log-linear law, some other wake function forms can be 
found in literature.  Holtorff (1985) used an energy approach to support Vanoni's 
previous hypothesis concerning the decrease in κ. He stated that to maintain the 
suspended phase energy was required to be extracted from the mean flow, thus reducing 
the energy available to sustain turbulence. The value of κ adopted by the flow was 
corrected with the efficiency of the production of turbulent energy and, therefore, it was 
concluded that the decrease of the turbulent energy production near the bed reflected this 
feature. 
Some recent papers have reconsidered the mean velocity distribution in sediment-laden 
flows. Samaga et al. (1986) proposed a semi-empirical two-layer model for the velocity 
distribution: a power law below y/h=0.2, where the sediment concentration was smaller 
than near the bed.  
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Wang and Qian (1992) supported the two-layer approach with experimental results. 
Measurements were obtained with an improved fluctuating velocimeter (total pressure 
probe); beach sand and plastic grains, which simulated a neutrally buoyant load, were 
used as suspended particles. It was found that, in the region far from the bed the Karman 
constant was smaller than in clear-water flow. 
A model based on the mixing-length concept was proposed by Umeyama and Gerritsen 
(1992) to predict the velocity distribution. Using an extensive set of experimental data 
from previous studies, the authors generalized Prandtl's concept for clear-water flow to 
sediment-laden flows. As the average traveling distance of the particle would vary from 
point to point, given the difference in sediment concentration across the depth, it was 
assumed that the mixing length, keeping κ constant, the authors showed that the velocity 
distribution for sediment-laden flows departed from the logarithmic law in the outer 
region (for increased concentration lager departure magnitude).   
On the other hand, Itakura and Kishi (1980), analyzing the velocity distribution based on 
the theory for the Monin-Obukhof length, found that the value of the von Karman 
constant is immutable and equal to 0.4.    
Another theoretical model for the velocity profile was developed by Coleman (1992).  
Using a formulation for the shear stress that included sediment concentration, the Cebeci-
Smith mean velocity model was modified to obtain another model that allowed 
examination of the effect of suspended sediment on the mean velocity profile. The 
conceptual model proposed for the velocity prediction was calibrated with previously 
obtained experimental data (Coleman, 1981).  
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A comprehensive study of sediment-laden flows over flat beds, with both experimental 
data and theoretical considerations, was performed by Lyn(1986,1991,1992).  
Lyn(1988)proposed a non-traditional similarity treatment for the coupled mean velocity 
and concentration profiles, in place of the eddy-diffusivity and mixing-length models 
used earlier.  It was found that the sediment particles affected the flow only in the layer 
adjacent to the bed.   The velocity profile was relatively undisturbed in the outer region 
and retarded in the inner region where the gradient was larger than was found in clear-
water flow.  Lyn (1991) reconsidered the effect of the suspended sediment on the flow 
resistance and velocity profiles. 
 
2.5 Concentration Profiles 
The concentration distribution of suspended sediment had been proposed by two different 
theories: the diffusion theory and the gravity theory.   
Schmidt (1925) derived the equation for the diffusion of suspended-sediment particles of 
uniform size, shape and density in the vertical direction is 
 0=+ ωε C
dy
dC
s     (2.43) 
where C represents the time-averaged concentration, εs is the diffusion coefficient for 
sediment, and ω is the settling velocity for the suspended-sediment particles.  The 
diffusion coefficient for sediment is related to the momentum diffusion coefficient, εm. by 
the relation ms βεε =  in which β is a proportional factor that is greater than unity and 
depends on the properties of the sediment in suspension. The two coefficient usually are 
assumed to be the same, thus β = 1.   But Van Rijin (1983) also concluded that the 
diffusion coefficient for sediment is greater than that for momentum.  It seems reasonable 
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to expect β for fine sand to be close to or slightly less than unity.  In the 1930s, O'Brien 
(1933) and Makaviev applied this equation to the distribution of suspended sediment in 
water. 
The most cited solution of the equation is the well-known Rouse (1937) formula for the 













−=  (2.44) 
in which  
*ku
z β
ω=  , called the Rouse number where κ is the von Karman constant = 0.4. 
Ca denotes the concentration of the sediment at the level, y = a, h is the depth of the flow. 
Velikanov (1954) suggested another form for the logarithmic law and this relation leads 
















−=  (2.45) 
in which ∆ is a parameter that depends on the bed roughness. 
Bagnold(1962) and Itakura and Kishi (1980) were also developed the energy model.  
These approaches combine elements of the diffusion model with energy-based 
assumptions obtained from depth-averaged quantities. 
Chen (1984) found that sediment- suspension relation based on the power-law velocity 
profiles are in excellent agreement with measured concentration profiles.  In the analysis 
that follows, the effects of moving sediment on the velocity  profiles are incorporated into 
the power-law exponent, 1/n, which in turn is expressed as a function of the Darcy-
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Weisbach friction factor, f, formulated on the basis of energy-dissipation considerations, 
and quantified by means of a fairly large body of laboratory and field data.   
Velikanov (1958) proposed what he called the Gravitational theory for the vertical profile 
of suspended sediment, and he developed it as an application of the principle of the 
energy conservation.  However, some of the assumptions made in his derivation are 













),(  (2.47) 
in which the variable η = y/h and α = ∆/h. 
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 CHAPTER 3 
 MODELING THE LOGARITHMIC MATCHING EQUATIONS 
 
3.1 Introduction 
For the sediment-laden flow, the logarithmic matching equation is simply based on 
analytical method and experimental method.  Section 3.2 discusses the logarithmic 
matching method.  Section 3.3.1 deliberates the analysis of log matching equation (1) 
with two universal log laws.  Section 3.3.2 discusses the analysis of log matching 
equation (2) with two power laws. 
 
3.2 Logarithmic Matching method  
Recently, Guo(2002) proposed a logarithmic matching method.  It states that for a 
complicated non-linear problem or experiment curve, if one can find two asymptotes, in 
extreme cases, which can be expressed as logarithmic or (exponential) power functions, a 
logarithmic matching can then merge the two asymptotes into a single composite 
solution. 
Specifically, suppose one can find the two asymptotic solutions for a nonlinear problem, 
using an analytic method or experimental method, the two asymptotes can be expressed 
by or transformed into the following: 
 11 ln CxKy +=  (3.1) 
for x << x0.  and 
 22 ln CxKy +=  (3.2) 
for x >> x0.   
 31
In the two equations above, x is an independent variable, y is a dependent variable, K1 
and K2 are two slopes based on a logarithmic scale, shown in Fig.3.1, C1 and C2 are two 
intercepts, and x0 is the location of the cross-point of the two asymptotes. 
Two matching models were proposed below. 

















































   Fig.3.1. The scheme of the logarithmic matching. 
 






















and β ≠ 0 is a transition shape parameter that is determined by a least-squares method 
(Griffiths and Smith, 1991). 













x  (3.6) 
then ( 3.3) reduces to (3.1 ).   














⎛+  (3.7) 
Substituting the equation above into(3.3) gives that 
 )ln(ln)( 011 xCxKy αβαβ −++=  (3.8) 
Comparing (3.8) with (3.2) yields 
 21 KK =+αβ  (3.9) 
and 
 201 ln CxC =−αβ   
  (3.10) 
The two equations lead to  
 βα











CCx  (3.12) 
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Now one can see that x0 is the cross point of the two asymptotes, shown in Fig.3.1.  

















in which x0 is determined by (3.12), and β is a transition shape parameter that is the only 
undetermined  parameter.  Note that the logarithmic matching fails when K1 = K2. 
























in which the x0 and β are similar to those in (3.13).  Equations (3.13) and (3.14) are the 
solid line in Fig.3.1. 
 
3.3 Analysis by asymptotic method to Logarithmic matching equation 
3.3.1 Analysis by log-laws 
 
In this paper, Model I of the logarithmic matching method (3.13) was used to combine 
the two linear log laws smoothly into one composite equation. 
Vanoni (1946), Einstein and Chien (1955), and Elata and Ippen (1971) experimentally 
showed that the logarithmic velocity profile is still valid in the main flow region of 
sediment-laden flows except that the von Karman constant κ deceases with sediment 
suspension.  Later Coleman (1986) and others claimed that sediment suspension does not 
affect the velocity profile near the bed.  In other words, the von Karman constant κ is the 
same in sediment-laden flow as in a clear water flow near the bed.  Thus, the velocity 
profile in a sediment-laden flow can be described with two logarithmic laws. 
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In near–bed region flow, following to Coleman (1986), the velocity profile can be 











in which u is the velocity at a distance y from the bed, y is the flow depth, u* is the shear 
velocity, C1 is an integration constant, and κ = 0.4 is the von Karman constant in near-bed 
region which is equal to von Karman constant in clear water flow. 














in which κm the von Karman constant in the main flow region which is less than 0.4 and 
varies with sediment suspension, and C2 is another integration constant. 
Defining x = u*y/ν and y = u/u*, comparing (3.15) with (3.1) gives that  
 K1 = 1/κ and C1 = C1  (3.17) 
Comparing (3.16) with (3.2) gives that  
 K2 = 1/κm and C2 = C2 (3.18) 
Using Model I of the logarithmic matching method to combine the above two equations, 






















































exp 210  (3.20) 
in which κ =0.4, C1, C2, κm and β  are parameters in sediment-laden flows.  After that we 
define x0 as a constant parameter by optimizing above four parameters.  They reduce to 





































u m    (3.21)      
The value of parameter β is an undetermined parameter that can be found by using the 
collocation method or the least-square method. In this study least-square method is used 




















































































































A MatLab program to calculate the above process is appended in Appendix A. 
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Fig.3.2. Average concentration effect on the transition parameter β. 
By using Einstein and Chien's (1955) experimental data, the mean value of β is 5.  So the 









































u m  (3.25) 
in which C1, κm and x0 are parameters for this log matching equation.  This equation 
(3.25) is the logarithmic matching equation (1) for this study.  The purpose of this test is 
to determine: (1) whether the logarithmic matching equation (1) is valid in sediment-




3.3.2 Analysis by power-laws 
Model I of the logarithmic matching method (3.13) is used to combine the two power 
laws smoothly into one composite equation. 









⎛= ν  (3.26) 
in which the value C = 8.3 and  n value is 7.  This power law velocity distribution is 
satisfied in the region u*y/ν = 100 to 1000.  And it seems to follow reasonably closely the 
experimental data obtained by Klebanoff and Diehl for beyond Reynolds number is equal 
to 1000.  This is clearly seen in Figure 7-9. (Hinze 1975, p-627). 










in which u is the velocity at a distance y from the bed, and α, γ are parameters. 








u  (3.28) 







u  (3.29) 







u   (3.30)    
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Defining x = u*y/ν and y = ln(u/u*) comparing (3.28) with (3.1) gives that 
 K1 = γ1,    C1 = lnα1 (3.31)  
Comparing (3.29) with (3.2) gives that 
 K2 = γ2,   C2 = lnα2  (3.32) 
Choosing Model I of the logarithmic matching method (3.13) to combine the above two 



















































































ααx    (3.36) 
in which γ1, γ2, α1 and α2 are power law parameters.  β is a transition parameter.   
The value of parameter β is an undetermined parameter that can be found by using the 
collocation method or the least-square method. In this study least-square method is used 
to determine the parameters.  By using Coleman's (1986) experimental data, the value of 
β, γ2 and α2 can be determined by correlating Richardson number (Ri). 
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Fig. 3.3. Density gradient effect on the parameter γ2. 
 
Fig. 3.4. Density gradient effect on the transition parameter β. 
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Fig. 3.5. Density gradient effect on the parameter α2.   
 
From the figures, the mean value of γ2 can be figured out to -0.445 and the mean value of 
β is 7 and the mean value of α2 is 1323.7.Hence, x0 can be calculated by using the above 


























u  (3.37) 
where γ1 and α1 are constants for this log matching equation.  The equation (3.37) is the 
logarithmic matching equation (2) in this study.  The purpose of this test is to determine: 
(1) whether the logarithmic matching equations (1) and (2), are valid in sediment-laden 
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The purposes of this chapter are to examine that: (1) the logarithmic matching equations 
show good agreement in the whole sediment-laden flow layer with some experimental 
datas (Einstein and Chien (1955), Coleman (1986) and Vononi (1946)).  The parameters 
using in logarithmic equation are determined by Gauss-Newton nonlinear optimization 
method (least-square method) and (2) if the structure of logarithmic matching equations 
is correct, how the model parameters vary with the sediment suspension.  Section 4.2 
presents the examination of the logarithmic matching equation (1) with experimental 
data.  Section 4.3 discusses the effects of sediment suspension on the model parameters 
used in log matching equation (1).  Section 4.4 presents the examination of the 
logarithmic matching equation (2) with experimental data.  Section 4.5 discusses the 
effects of sediment suspension on the model parameters used in log matching 
equation(2).    
4.2 Test of the logarithmic matching equation (1) in open channel 



























u m  (4.1) 
4.2.1 Data selection 
The experimental studies of the effect of sediment suspension on velocity profile in 
sediment-laden flows were reported by Vanoni (1946), Einstein and Chien (1955), 
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Coleman (1986), Wang and Qian (1989) and Muste (1995).  Einstein and Chien (1955) 
data were widely used.  Einstein and Chien (1955) did experiments in a steel recirculation 
flume, which is 35.7 cm deep, 30.7 cm wide and 120cm long.  The slope was adjustable 
by means of an especially designed jack and the discharge was variable by changing the 
speed of the pump.  Water and sediment leaving the flume were recirculated by a 
propeller pump located at the downstream end of the flume.  The velocity distribution 
was measured at 25-31 vertical points between one-third and one-half of the depth to the 
flume bed.  A different size of sand was glued to the bottom of the flume.   
In the Einstein and Chien (1955) experiment data, the mean velocity u, and flow depth y 
are given.  Hence, shear velocity u* and the kinematic viscosity ν are calculated.  In 
which shear velocity is calculated by momentum method, 
 gRSeu =*   (4.2) 
where R is the hydraulic radius and Se is the energy slope.   
For clear water flow, the kinematic viscosity of a fluid can be obtained from a given 
temperature; however, in a sediment-laden flow, it varies also with the sediment 
concentration. 
















µ     (4.3) 
in which T0 = 273.16K, µ0 = 0.001792 kg/(m.s), a = -1.94, b = -4.80, and c = 6.74. 
In suspended-laden flow, the kinematic viscosity which is expressed by Graf, 1971; 











+++=  (4.4) 
in which C  is mean sediment concentration.  The other four parameters are: (1) the von 
Karman constant in near bed region κ = 0.4; (2) the von Karman constant in main flow 
region κm which is less than 0.4 and depended on sediment concentration; (3) the 
integration constant C1; (4) the matching parameter x0. 
 
4.2.2 Methods for determining parameters 
To accurately estimate these three parameters, the least-squares method should be used.  









































κ →minimum (4.5) 
in which L is the sum of the square of the residuals; n is the number of sample points (ui, 
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L  (4.6) 














































































































































































A MatLab program has been written to calculate this process. It can be seen in Appendix 
A. 
 
4.2.3 Test of the structure of the logarithmic matching equation (1)  
Einstein and Chien (1955) experiments 
Theoretically, the logarithmic matching equation is valid for the whole region (outer 
region and inner region).  To highlight the velocity profile near the bed, a semi plot is 
shown in Fig.4.1a, where the log matching equation (1) is compared with Einstein and 
Chien data (1955).  The same data are plotted in a rectangular coordinate system in 
Fig.4.1b to emphasize the velocity profile near the axis.  So a representative velocity 
profile, along with the logarithmic matching equation, of the sediment-laden flow is show 
in Fig. 4.1.  Some other velocity profiles can be found in Appendix C.  Five velocity 
profiles of the coarse sand (medium size D50 = 1.3mm) experiments with different 
concentrations are plotted in Fig. 4.2.  From these figures, one sees that: the logarithmic 
matching equation (1) shows good agreement in the whole sediment-laden flow layer 














Data of Einstein & Chien (1955)
Logarithmic matching equation(1)
Run = S−15 
 













Data of Einstein & Chien (1955)
Logarithmic matching equation(1)
Run = S−15 
 
Fig 4.1. A representative velocity profile of neutral sediment-laden flows in narrow 



































Data of Einstein and Chien(1955)
Logarithmic matching equation(1)
shift by 5 
Run = S1 S2 S3 S4 S5 
 
Fig. 4.2. Comparison of log matching equation (1) with Einstein and Chien's data (1955). 
 
Table 4.1:  Calculated results of Einstein and Chien's experimental data (1955). 






(m) C   
 D 
(mm) C1 κm x0  
s1 0.014 73.25 0.096 0.452 0.00223 1.30 -7.088 0.3099 463.77
s2 0.0194 63 0.087 0.392 0.00465 1.30 -6.135 0.2427 474.60
s3 0.0209 65 0.086 0.381 0.00579 1.30 -7.048 0.2266 488.92
s4 0.0237 69.75 0.088 0.378 0.0076 1.30 -8.615 0.2064 769.95
s5 0.0257 62.5 0.083 0.365 0.0126 1.30 -9.212 0.1673 864.50
s6 0.0143 77 0.327 0.468 0.00108 0.94 -6.924 0.2969 198.27
s7 0.0143 66.5 0.010 0.467 0.00336 0.94 -7.572 0.2806 93.33
s8 0.0142 71.25 0.096 0.455 0.00429 0.94 -7.425 0.2650 160.61
s9 0.0152 73 0.094 0.443 0.00665 0.94 -7.902 0.2457 259.62
s10 0.0173 75.5 0.094 0.426 0.01 0.94 -8.367 0.2423 408.77
s11 0.0131 67.75 0.088 0.436 0.00121 0.274 -3.487 0.2873 3000.09
s12 0.0123 70 0.084 0.433 0.00787 0.274 -6.453 0.2766 237.56
s13 0.0127 68.75 0.089 0.438 0.00969 0.274 -6.652 0.2443 222.04
s14 0.0172 67 0.087 0.405 0.0148 0.274 -5.544 0.2116 892.79
s15 0.0168 65.25 0.087 0.407 0.024 0.274 -6.796 0.1755 874.18
s16 0.0185 62.5 0.085 0.39 0.0239 0.274 -7.156 0.1666 1185.74
            Mean -7.0241     
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Vanoni (1946) experiment  
Vanoni data set (1946) is a valuable source.  The recirculation flume used for his 
experiment was 30.5 cm deep, 84.5cm wide and 18.3 m long.  The number of measured 
points varied from the flow depth to the water surface.  The mean diameters of the 
sediment glued on the bottom of the flume were 0.47 and 0.88 mm.   
A representative velocity profile of Vanoni data (1946), along with the logarithmic 
matching equation (1) of the sediment-laden flow is shown in Fig. 4.3.  Five velocity 
profiles of the particle (medium size d50 = 0.103mm) experiments with different 
concentrations are plotted in Fig. 4.4. From these two figures, one sees that the 



























Data of Vanoni (1946)








































Data of Vanoni (1946)











Fig 4.3. A representative velocity profile of Vanoni's data (1946) in sediment-laden 
flow.[ (a) Cartesian coordinates; (b) semilog coordinates;] 










Data of Einstein and Chien(1955)
Logarithmic matching equation(1)
shift by 15 
18 19 20 21 22 
 
Fig. 4.4  Comparison of log matching equation (1) with Vanoni's data (1946). 
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(m/s) Cm C1 Κm X0 
18 0.00125 20.65 0.14 0.0415 1.18 -1.292 0.3099 1124.47 
19 0.00125 20.86 0.072 0.0297 0.17 2.2094 0.3299 682.556 
20 0.0025 22 0.14 0.059 4.27 -3.138 0.3293 2356.4 
21 0.0025 19.7 0.072 0.0415 3.42 -1.014 0.3305 594.95 
22 0.0025 17.8 0.09 0.047 6.75 -0.877 0.3288 1148.3 
                  
 
4.3 Test of the effect of sediment suspension on the model parameters  
The model parameters in open channel include κm, C1 and x0.  Sediment suspension 
effects on the velocity profiles of sediment-laden flows in two ways: one is that sediment 
concentration increases molecular viscosity and then increases energy dissipation and 
consequently damps turbulence intensity; the other is that to balance sediment settling 
due to the gravity, suspended sediments obtain energy from turbulence kinetic energy and 
then damp turbulence intensity.  The sediment experiment by Einstein and Chien (1955) 
will serve to test the effect of molecular viscosity.   
These parameters are checked whether they depend on the sediment concentration.  
Figures 4.3, 4.4 and 4.5 are test of κm, C1 and x0 with the sediment concentrationC  
respectively.   The von Karman constant κ decreases with sediment concentration.  The 
integration constant C1 scatters with sediment concentration.  The matching parameter x0 
increases with sediment concentration. 
 
4.3.1 The von Karman constant κm 
The calculated results of von Karman constant κm are shown in Table 4.1.  A plot 
between C  and κ is shown in Fig. 4.5.  It is clear that the von Karman constant κ 
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decreases with sediment concentrationC .  This trend has also been observed in other 
experiments done by other researcher ( Einstein and Chien, 1955, Elata and Ippen, 1976, 
Ismail, 1952, Montes and Ippen, 1973, Vanoni, 1946, Wang and Qian, 1992, Guo and 
Julien, 2001).  For Einstein and Chien (1955) experiment, the rate of variation of the von 
Karman constant was different for each of the three different sizes of sediment.  From 
Fig.4.5, it can be seen that the bigger the size of the sediment, the steeper was the change 
in the von Karman constant when sediment concentration was increased.   

















Fig. 4.5. Sediment concentration effect on the von Karman constant in main flow region 
 
4.3.2 Integration Constant C1 
The calculated results of integration constant C1 are shown in Table 4.1. A plot of 
relationship between C and C1 is shown in Fig. 4.6. The integration constant C1 of coarse 
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and medium sand decreases with sediment concentrationC .  However, the integration 
constant C1 of fine sand is nearly constant with sediment concentrationC . 
The integration constant C1 can be calculated by following equation (4.10).  Equation 





























uC m  (4.10) 
It can be seen that the value of C1 is affected by the channel bed, free surface.  As a first 
approximation, the value of C1 suggested by Tominaga and Nezu (1992) may be assumed 
for subcritical flow in smooth channels, i.e. 
 C1 = 5.29 (4.11) 
 
The value of C1 seems to be connected with the thickness of the viscous sublayer.  This 
becomes especially apparent from Rotta’s theory on the velocity distribution close to the 
wall.  For the large value of u*y/ν, the constant C1 is 
 νκκ
yuC *1 )14(ln
1 +−=  (4.12) 
in which Rotta assumed values of κ = 0.4 and u*y/ν = 6.7 on the basis of Nikuradse’s 
experimental data.  It then obtains the value of C1 = 5.37.  Nikuradse found that C1 should 
be 3.68 and Clauser suggested that C1 = 4.9.  For this study, the mean value of C1 is   
7.0241. 
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Fig. 4.6. Sediment concentration effect on integration constant. 
 
4.3.3 The Matching parameter x0 
The calculated result of x0 is shown in Table 4.1.  A plot of relationship between x0 
andC is shown in Fig. 4.7.  The matching parameter x0 showed a trend of increasing in 
value with sediment concentrationC .  This parameter represents the intersection between 
the main flow region and the inner bed region.  Therefore, an increasing in this value 
means that the near- bed region of the flow becomes larger when sediment concentration 
increases. 
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Fig. 4.7. Sediment concentration effect on the matching parameter. 
  
4.4   Test of the logarithmic matching equation (2) in open channel  


























u  (4.13) 
 
4.4.1 Data Selection 
The experimental studies of the effect of sediment suspension on velocity profile in 
sediment-laden flows were reported by many researchers.   In this study, Coleman’s data 
set (1986) is also a valuable source.  The flume used in the experiment was 35.6 cm wide 
and 15 m long with a Plexiglas channel.  The bottom and walls are assumed to be smooth 
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throughout the experiments.  The velocity was measured at 12 points over the entire 
water depth.  During experiments, the average velocity was 1.05 m/s in the turbulent 
layer.  The water depth and the corrected slope were about 0.17 m and 0.002, respectively 
except the last three runs where slope were 0.0022.  Three sands were used in the 
experiments. 
In the Coleman experiment data (1986), the mean velocity u, and flow depth y shear 
velocity u* are given.  Hence, the kinematic viscosity ν is calculated.  For clear water 
flow, the kinematic viscosity of a fluid can be obtained form a given temperature; 
however, in a sediment-laden flow, it varies also with the sediment concentration. 
















µ     (4.14) 
in which T0 = 273.16K, µ0 = 0.001792 kg/(m.s), a = -1.94, b = -4.80, and c = 6.74. 
In suspended-laden flow, the kinematic viscosity which is expressed by Graf, 1971; 










+++=  (4.15) 
in which C  is mean sediment concentration.  And other two parameters: (1) the 
exponential parameter γ1 and (2) the power law constant α1.  
 
4.4.2 Method for determining the model parameters 
The model parameters in open channel include γ1 and α1.  The least-square method is 



























































































































































































































  (4.19) 
A MatLab program has been written to calculate this process.  It can be seen in Appendix 
A. 
4.4.3 Test of the structure of the logarithmic matching equation (2) 
Coleman’s experiments (1986)  
To emphasize the velocity profile the whole layer and near the axis, a log-log plot or 
doublelog plot and a rectangular plot are shown in Fig.4.8 (a,b), where logarithmic 
matching equation (2) is compared with Coleman experimental data (1986).  A 
representative velocity profile of Coleman (1986), along with the logarithmic matching 
equation (2) of the sediment-laden flow is shown in Fig. 4.8.  Some other profiles can be 
found in Appendix C.  Five velocity profiles of the fine particle (medium size d50 = 
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0.105mm) experiments with different concentrations are plotted in Fig.4.9. From the two 
figures, one sees that the logarithmic matching equation (2) also agrees well with 



















Fig 4.8. A representative velocity profile of sediment-laden flows for Coleman's 








Data of Coleman (1986)
Logarithmic matching equation (2)
Run 8 













Data of Coleman (1986)






























shift by 5 
Run 1 Run 2 Run3 Run4 Run5 
 















Table 4.3:  Calculate results of Coleman's experimental data (1986). 
Run   
   T 
(˚C) 
    δ 
  (m) 
U* 
(m/s) 
         
Ri  
   D 
(mm) γ1 α1  
Run1 21.1 0.1326 0.041 0.0000 0.0000 0.105 0.1338 8.264
Run2 24.6 0.1259 0.041 0.0003 0.0091 0.105 0.1373 7.965
Run3 25 0.127 0.041 0.0006 0.0173 0.105 0.1503 7.101
Run4 25.3 0.1288 0.041 0.0009 0.0260 0.105 0.1556 6.814
Run5 23.9 0.1286 0.041 0.0011 0.0334 0.105 0.1594 6.578
Run6 24 0.1273 0.041 0.0015 0.0432 0.105 0.1656 6.253
Run7 22.7 0.1281 0.041 0.0017 0.0500 0.105 0.1682 6.150
Run8 23.3 0.1329 0.041 0.0019 0.0554 0.105 0.1742 5.794
Run9 24.4 0.1322 0.041 0.0025 0.0743 0.105 0.1817 5.457
Run10 23.9 0.1312 0.041 0.0028 0.0829 0.105 0.1837 5.434
Run11 24.2 0.1316 0.041 0.0031 0.0914 0.105 0.1895 5.265
Run12 24.7 0.1374 0.041 0.0034 0.1010 0.105 0.1944 4.974
Run13 22.7 0.1274 0.041 0.0036 0.1060 0.105 0.1896 5.181
Run14 22.7 0.1309 0.041 0.0040 0.1190 0.105 0.1908 5.142
Run15 22.9 0.1282 0.041 0.0042 0.1230 0.105 0.1947 5.007
Run16 23 0.1276 0.041 0.0044 0.1300 0.105 0.1949 4.997
Run17 23.8 0.1402 0.041 0.0047 0.1390 0.105 0.1974 4.894
Run18 22.8 0.1291 0.041 0.0048 0.1430 0.105 0.1890 5.210
Run19 23.4 0.1292 0.041 0.0048 0.1420 0.105 0.1953 4.975
Run20 23.9 0.1291 0.041 0.0050 0.1490 0.105 0.1971 4.901
Run21 23.8 0.1261 0.041 0.0000 0.0000 0.210 0.1262 8.764
Run22 23.8 0.1272 0.041 0.0002 0.0072 0.210 0.1239 8.730
Run23 23.8 0.1246 0.041 0.0006 0.0164 0.210 0.1361 8.010
Run24 23.8 0.1274 0.041 0.0008 0.0239 0.210 0.1485 7.242
Run25 23.9 0.1249 0.04 0.0012 0.0354 0.210 0.1589 6.920
Run26 19.5 0.1301 0.041 0.0014 0.0418 0.210 0.1566 6.741
Run27 23 0.1274 0.041 0.0019 0.0552 0.210 0.1682 6.228
Run28 22.9 0.1291 0.041 0.0020 0.0584 0.210 0.1717 6.008
Run29 23.3 0.1301 0.04 0.0018 0.0523 0.210 0.1768 6.016
Run30 23.7 0.1306 0.041 0.0025 0.0727 0.210 0.1788 5.812
Run31 23.9 0.1325 0.041 0.0027 0.0782 0.210 0.1926 5.016
Run32 21.7 0.1288 0.041 0.0000 0.0000 0.420 0.1383 7.711
Run33 22.5 0.1308 0.041 0.0007 0.0018 0.420 0.1419 7.559
Run34 23.3 0.127 0.041 0.0001 0.0029 0.420 0.1433 7.497
Run35 23 0.1306 0.041 0.0002 0.0049 0.420 0.1532 6.984
Run36 23.6 0.1302 0.041 0.0003 0.0074 0.420 0.1587 6.842
Run37 21.7 0.1296 0.041 0.0004 0.0101 0.420 0.1626 6.604
Run38 22.1 0.1305 0.043 0.0005 0.0114 0.420 0.1686 6.142
Run39 22.3 0.1315 0.044 0.0005 0.0128 0.420 0.1739 5.651
Run40 22.9 0.1321 0.045 0.0005 0.0137 0.420 0.1843 5.082





Einstein and Chien's (1955) experiments 
A representative velocity profile of Einstein and Chien's data (1955), along with the 
logarithmic matching equation (2) of the sediment-laden flow is shown in Fig. 4.10.  Five 
velocity profiles of the fine particle (medium size d50 = 0.133mm) experiments with 
different concentrations are plotted in Fig. 4.11. From the two figures, one sees that the 
logarithmic matching equation (2) also agrees well with Einstein and Chien's experiment 
data (1955) for sediment-laden flows. 
 




















































Data of Einstein & Chien (1955)
Logarithmic matching equation(2)
 
Fig 4.10. A representative velocity profile of sediment-laden flows for Einstein and 
Chien's experimental data (1955).[ (a)Cartesian coordinates; (b) semilog coordinates;] 









Data of Einstein and Chien(1955)
Logarithmic matching equation(2)
shift by 5 
Run = s1 s2 s3 s4 s5 
 
Fig. 4.11. Comparison of logarithmic matching equation (2) with Einstein and Chien's 
experimental data (1955). 
14sRun =
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Table 4.4. Calculated results of Einstein and Chien's experimental data (1955). 






(m) C   
 D 
(mm) γ1  α1  
s1 0.014 73.25 0.096 0.452 0.00223 1.30 0.280 1.517 
s2 0.0194 63 0.087 0.392 0.00465 1.30 0.305 1.479 
s3 0.0209 65 0.086 0.381 0.00579 1.30 0.338 1.103 
s4 0.0237 69.75 0.088 0.378 0.0076 1.30 0.393 0.619 
s5 0.0257 62.5 0.083 0.365 0.0126 1.30 0.460 0.375 
s6 0.0143 77 0.327 0.468 0.00108 0.94 0.280 1.644 
s7 0.0143 66.5 0.010 0.467 0.00336 0.94 0.293 1.542 
s8 0.0142 71.25 0.096 0.455 0.00429 0.94 0.305 1.409 
s9 0.0152 73 0.094 0.443 0.00665 0.94 0.344 1.007 
s10 0.0173 75.5 0.094 0.426 0.01 0.94 0.359 0.826 
s11 0.0131 67.75 0.088 0.436 0.00121 0.274 0.196 3.512 
s12 0.0123 70 0.084 0.433 0.00787 0.274 0.294 1.549 
s13 0.0127 68.75 0.089 0.438 0.00969 0.274 0.312 1.422 
s14 0.0172 67 0.087 0.405 0.0148 0.274 0.300 1.549 
s15 0.0168 65.25 0.087 0.407 0.024 0.274 0.364 0.920 
s16 0.0185 62.5 0.085 0.39 0.0239 0.274 0.361 0.879 
                  
 
4.5 Test of the effect of sediment suspension on the model parameters  
The model parameters in open channel include γ1 and α1.  The sediment experiment by 
Coleman (1986) will serve to study the effect of density gradient.  
The experimental studies of the effect of density gradient on velocity profiles in 
sediment-laden flows were reported by numerous researchers.  In this study, Coleman’s 
data set (1986) is a valuable source.  The flume used in the experiment was 17 cm deep, 
35.6 cm wide, and 15 m long with a Plexiglas channel.  The bottom and walls are 
assumed to be smooth throughout the experiments.   







−=  (4.18) 
which is used in Coleman (1981,1986).  
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The calculated value of Ri for Coleman’s data are also shown in Table 4.3.  The 
exponential parameter γ1 increases with Ri but the power law constant α1 decreases with 
Ri.  
 
4.5.1 The exponential parameter γ1 
The calculated value of γ1 for Coleman’s data (1986) are also shown in Table 4.3 and 
plotted versus with Ri is shown in Fig.4.12. It can be seen that the density gradient (the 
Richardson number Ri) has a significant effect on the exponential parameter γ1.  The 
stronger the density gradient, the exponential parameter γ1 is larger.   A relation between 
γ1 and Ri exists, so γ1 may be written as 
 iR388.0147.01 +=γ   (4.19) 
where γ0 = 0.147 which is similar to Hinze (1975,p-629) the value of 1/n = 1/7 is 
obtained if Blasius’ resistance law for the flow along a smooth plate is assumed.  
Wieghardt suggests the same value of 1/n = 1/7.7 for the flow along a smooth plate with 
positive, negative, and zero pressure gradients for not large values of u*y/ν.  Clauser 
(1956) came to the conclusion that no universal value can be assigned to 1/n, since 1/n 
for instance may be vary form 1/3 to 1/10 for the various velocity distribution considered. 
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Fig 4.12. Density gradient effect on the exponential parameter, γ1. 
 
4.5.2 Power law Constant α1  
The calculated values of power law constant α1 for Coleman’s data are shown in Table 
4.3. A plot between Ri and α1 are shown in Fig. 4.13. It can be clearly seen that the power 
law constant α1 decreases with Ri.  There is a relation between Ri and α1, so α1 may be 




α  (4.20) 
For this value α0 = 8.74 which is similar that on the assumption that Blasius’ resistance 
law for smooth pipes applies to the flow along a smooth plate, Schlichting (1955) 
obtained a value C = 8.74; Klebanoff and Diehl (1951) proposed the value C = 8.16.  
Clauser (1956) came to the conclusion that no universal value can be assigned to this 
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value; it may vary for the various velocity distributions. Zagarola (1996) found that C = 
8.70. 

















Fig 4.13. Density gradient effect on power law constant, α1. 
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 CHAPTER 5 
 




The purposes of this chapter are: (1) to show the flow with sediment can be divided into 
two layer (i) inner suspension region near the bed and (ii) outer region in the free stream; 
(2) to establish the relating concentration profile models for these two regions based on 
logarithmic law and power law; (3) to test the relating concentration models with the 
experimental data; (4) to determine the model parameters, using a least-square method; 
and (5) to study the effect of ω/u* and density gradient (Richardson number, Ri) on the 
model parameters used in the relating concentration profile equations. 
The suspended sediment, because of greater specific weight, tends to settle out and move 
toward the bed.  As a result, the sediment concentration is greater near the bed than it is at 
a point some distance from the bed.  The concentration of suspended sediment is 
inversely proportional to the distance from the channel boundary in the open channel.  In 
an open channel flow, the flow with sediment can be divided into an inner suspension 
region near the bed and an outer region in the free stream, with the properties of the 
sediment transfer process being different in the two zones.   
The thickness of the inner suspension region is defined by observing the configuration of 
plotted concentration profiles.  Upon this configuration, the equations of relative 
sediment concentration are derived for the two regions.  When any one of the 40 
concentration profiles is plotted on semi logarithmic graph, a straight line could be fitted 
to the upper part of profile, indicating the variation of log law of sediment concentration.  
The portion of the profile near the bed showed a characteristic deviation form a straight 
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line. This property of these profiles is concerned with power law.  From the Fig.5.1, the 
suspended sediment concentration is plotted against the elevation of water depth y/δ.  It 
can be clearly seen that a straight line could be fitted to the upper part of profile, 
indicating the variation of log law of sediment concentration.  The portion of the profile 
near the bed showed a deviation form a straight line.  So the thickness of inner region can 
be defined as shown in Fig.5.1.  All other 40 concentration profiles graphs are drawn like 











Fig. 5.1. A representative typical concentration profile 
 
5.2 Equations for the relative concentration distribution 
The portion of the profile near the bed showed a characteristic deviation from a straight 
line in semi logarithmic paper. It indicates the variation of the log law of sediment 
concentration.  This deviation property of these profiles is concerned with power law.   
 67
 ( )γξαξ =)(C  (5.1) 
in which C is sediment concentrations and δξ
y=  and α and γ are parameters for power 
law.   
For the outer region, the velocity defect law is used for concentration profiles.  For outer 
region it may be more appropriate to consider the velocity defect function rather than log 
law function.  
 
BA
C 1ln1)( +−= ξξ  (5.2) 
in which A and 1/B are constant parameters like κ, von Karman constant and integration 
constant, C1.   
To accurately estimate these four parameters, the least-square method should be used.  







































121ln1 ξ  (5.6) 
The parameters A and B can be calculated with equations (5.5) and (5.6).  A plot between 
A and B are shown in Fig. 5.2.  A relation between A and B exist.  They may be written 
as equation (5.7). 
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Fig.5.2. Plot of relationship between ln A and ln B. 
 ln A = - 3.9798 + 1.13315 ln B. (5.7) 
This regression equation substitutes equation (5.2). It can be written as 







5.3 Test of these relation equations on Coleman's data (1986)  
By using these two equations (5.1) and (5.8), these two equations are valid two region 
(outer region and inner region) respectively.  To highlight the concentration profile near 
the bed and the whole layer, a semilog plot and log-log plot are shown in Fig.5.3(a,b), 
where the power law is compared with Coleman experimental data (1986) near the bed 
and the velocity defect law also compared with outer suspension region for the same data.  
A representative concentration profile of the sediment laden flow is show in Fig. 5.3.  
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Some other concentration profiles can be found in Appendix D.  From Figure 5.3, it can 
see that: the power law (equation 5.1) agrees fairly well with the portion of the 
concentration profile near the bed and the velocity defect law (equation 5.8) shows good 
agreement in the outer suspension region. 










Coleman’s (1986) data 
Run 7 
( I ) 













( I ) 
( II ) 
 
Fig.5.3 Test the structure of the relative concentration profile equations. [(a) a semilog 
coordinate system. (b) a log-log coordinate system.] 
 70
 
Table 5.1. The calculated results of Coleman's concentration profile data (1986). 
Run       C          Ri 
      ω 
   (m/s) 
  U* 
(m/s)      ω/u* 
   D 
(mm)        γ        α       B 
Run2 3.05E-04 9.11E-03 2.78E-06 0.041 5.50E-02 0.105 -5.16E-01 1.70E-04 1.20E+04
Run3 5.80E-04 1.73E-02 1.00E-05 0.041 5.55E-02 0.105 -5.72E-01 2.90E-04 7.62E+03
Run4 8.70E-04 2.60E-02 2.26E-05 0.041 5.59E-02 0.105 -6.23E-01 4.10E-04 5.42E+03
Run5 1.12E-03 3.34E-02 3.74E-05 0.041 5.42E-02 0.105 -6.56E-01 5.30E-04 4.26E+03
Run6 1.45E-03 4.32E-02 6.26E-05 0.041 5.44E-02 0.105 -6.87E-01 6.10E-04 3.58E+03
Run7 1.68E-03 5.00E-02 8.40E-05 0.041 5.28E-02 0.105 -6.62E-01 8.00E-04 2.98E+03
Run8 1.86E-03 5.54E-02 1.03E-04 0.041 5.35E-02 0.105 -7.05E-01 8.70E-04 2.64E+03
Run9 2.50E-03 7.43E-02 1.86E-04 0.041 5.50E-02 0.105 -7.21E-01 9.80E-04 2.47E+03
Run10 2.79E-03 8.29E-02 2.31E-04 0.041 5.44E-02 0.105 -7.64E-01 1.00E-03 2.25E+03
Run11 3.08E-03 9.14E-02 2.82E-04 0.041 5.48E-02 0.105 -7.58E-01 1.20E-03 2.13E+03
Run12 3.40E-03 1.01E-01 3.43E-04 0.041 5.54E-02 0.105 -7.80E-01 1.20E-03 2.04E+03
Run13 3.58E-03 1.06E-01 3.79E-04 0.041 5.29E-02 0.105 -7.58E-01 1.40E-03 1.86E+03
Run14 4.02E-03 1.19E-01 4.78E-04 0.041 5.30E-02 0.105 -7.52E-01 1.50E-03 1.77E+03
Run15 4.15E-03 1.23E-01 5.10E-04 0.041 5.32E-02 0.105 -8.16E-01 1.40E-03 1.68E+03
Run16 4.40E-03 1.30E-01 5.72E-04 0.041 5.34E-02 0.105 -8.19E-01 1.40E-03 1.64E+03
Run17 4.70E-03 1.39E-01 6.53E-04 0.041 5.44E-02 0.105 -8.80E-01 1.30E-03 1.71E+03
Run18 4.82E-03 1.43E-01 6.89E-04 0.041 5.32E-02 0.105 -8.62E-01 1.30E-03 1.70E+03
Run19 4.80E-03 1.42E-01 6.82E-04 0.041 5.39E-02 0.105 -8.99E-01 1.30E-03 1.65E+03
Run20 5.03E-03 1.49E-01 7.49E-04 0.041 5.45E-02 0.105 -9.53E-01 1.20E-03 1.62E+03
Run22 2.45E-04 7.19E-03 1.76E-06 0.041 2.02E-01 0.21 -7.51E-01 1.00E-04 1.60E+04
Run23 5.60E-04 1.64E-02 9.18E-06 0.041 2.02E-01 0.21 -8.17E-01 1.70E-04 9.70E+03
Run24 8.15E-04 2.39E-02 1.95E-05 0.041 2.02E-01 0.21 -8.55E-01 2.40E-04 6.88E+03
Run25 1.21E-03 3.54E-02 4.28E-05 0.04 2.07E-01 0.21 -9.10E-01 2.90E-04 5.43E+03
Run26 1.43E-03 4.18E-02 5.98E-05 0.041 1.84E-01 0.21 -8.15E-01 4.30E-04 4.28E+03
Run27 1.89E-03 5.52E-02 1.04E-04 0.041 1.99E-01 0.21 -8.26E-01 5.20E-04 3.42E+03
Run28 2.00E-03 5.84E-02 1.17E-04 0.041 1.98E-01 0.21 -8.68E-01 5.50E-04 3.58E+03
Run29 1.79E-03 5.23E-02 9.36E-05 0.04 2.05E-01 0.21 -9.07E-01 5.70E-04 3.30E+03
Run30 2.49E-03 7.27E-02 1.81E-04 0.041 2.02E-01 0.21 -9.50E-01 5.80E-04 3.06E+03
Run31 2.68E-03 7.82E-02 2.10E-04 0.041 2.03E-01 0.21 -9.83E-01 5.70E-04 2.98E+03
Run33 6.50E-04 1.80E-03 1.17E-06 0.041 6.38E-01 0.42 -1.01E+00 1.20E-05 5.95E+04
Run34 1.03E-04 2.85E-03 2.94E-07 0.041 6.46E-01 0.42 -1.08E+00 1.80E-05 3.58E+04
Run35 1.77E-04 4.90E-03 8.67E-07 0.041 6.43E-01 0.42 -1.24E+00 2.00E-05 2.55E+04
Run36 2.67E-04 7.39E-03 1.97E-06 0.041 6.50E-01 0.42 -1.32E+00 2.90E-05 1.73E+04
Run37 3.65E-04 1.01E-02 3.69E-06 0.041 6.30E-01 0.42 -1.95E+00 3.90E-05 1.44E+04
Run38 4.55E-04 1.14E-02 5.19E-06 0.043 6.04E-01 0.42 -1.11E+00 7.20E-05 1.17E+04
Run39 5.10E-04 1.28E-02 6.53E-06 0.044 5.93E-01 0.42 -1.29E+00 4.90E-05 1.12E+04
Run40 5.45E-04 1.37E-02 7.47E-06 0.045 5.85E-01 0.42 -1.26E+00 5.30E-05 1.10E+04





5.4 Test of the parameter with ω/u* and Richardson number, Ri 
The existence of sediment concentration increases in the fluid viscosity and reduces the 
fall velocity of particles.  The fall velocity can be described by following equations: 
















µ     (5.9) 
in which T0 = 273.16K, µ0 = 0.001792 kg/(m.s), a = -1.94, b = -4.80, and c = 6.74. 











+++=  (5.10) 










gdsd  (5.11) 
in which d* is the dimensionless diameter, d is sediment size and g is gravitation 
acceleration. 
 wss ρρ /=  (5.12) 











dω  (5.13) 











vω  (5.14) 
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The value of ω and ω/u* are shown in table 5.1.  According to Coleman's data (1986), the 
correlation between the parameters such as: α, γ and B and ω/u* is rather poor, as shown 
in Fig.(5.4), (5.5) and (5.6).  This is due to the omission of the effects of suspended 
sediment particles on the velocity profile in deriving the concentration profiles.   
For instance, Parker (1982) used Rouse's concentration distribution with a von Karman 
constant (0.4) and obtained a relation for C0.05/C  and U*/ ω. In Rouse's concentration 
equation, the exponent z in the expression for suspended load affects the distribution of 
the sediment concentration. Vanoni (1946) showed that comparison of the relative 
vertical distribution of suspended load concentration.  Vanoni (1946) showed that when 
the value of z is smaller the concentration is more uniform distribution.  Thus, the height 

















Fig. 5.4 Plot of relationship between γ and ω/u*. 
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To improve the correlation, the other dimensionless parameter must be chosen.  In this 
study, the Richardson number is chosen for correlation the parameters used in the relating 
concentration profile equations (equation 5.1 and equation 5.8). 
   
5.4.1 The parameter γ 
Firstly, the parameter γ is correlated with Ri. The calculated value of Ri and γ are shown 
in Table 5.1.  The following Fig.5.7 was obtained.  It has been postulated that the value of 
γ is correlated with the Ri.  From the graph shown, the γ value is depending on the 
sediment size.  The bigger the size of the sediment, the larger the value of γ and γ value is 


























5.4.2 The parameter α 
The values of α is also shown in Table 5.1.  The relationship between α and Ri was 
obtained in this study and shown in Fig. 5.8.  From the Figure, it is clearly seen that α 
value increases when the Ri value increases.  The relationship of α vs Ri is shown in 
Fig.5.8 and the following regression equation is obtained 
 
   5103.40102.0 −×+= Riα       (5.15) 



















5.4.3 The parameter B 
The calculated values of B are also shown in Table 5.1.  The relationship of B and Ri, 
Richardson number, is obtained in this study and shown in Fig. 5.9 and it can be 
expressed as: 
 }33.6exp{ 0871.0−= RiB  (5.16) 
From the Figure, it is clearly seen that the value of B decreases when the Ri value 
increases. 
 

























 CHAPTER 6 
 
 CONCLUSIONS  
6.1 Summary 
This thesis studies turbulent velocity profiles in open-channel for sediment-laden flows.  
The main purpose is to test a suitable velocity profile function for the whole turbulent 
flow layer by using logarithmic method and to study the effects of sediment suspension 
on the model parameters.  Basically, the logarithmic method combines two asymptotes, 
in extreme case, which can be expressed as logarithmic or power laws, into a single 
composite solution.   
The two suitable models are introduced for the velocity profile of the whole turbulent 
flow layer by using logarithmic matching method and to study the effects of sediment 
suspension on the model parameters.  Model (1) is analyzed by two logarithmic laws and 
Model (2) is analyzed by two power laws.   Model (1) turbulent velocity profile equation, 
a composite equation, consists of three parts: a log term, a linear term and a linear 
function.  Model (2) velocity profile equation consists of exponential or power term.  
These two velocity profile equations are referred to as the logarithmic matching equation 
(1) and (2).  These two new equations consider the whole turbulent layer. 
The logarithmic matching equations agree well with experimental data for sediment-
laden flow in the whole flow layer.  Sediment suspension affected the velocity profile in 
two factors: sediment concentration and density gradient (the Richardson number Ri).  
The flow with sediment can be divided into an inner suspension region near the bed and 
an outer region in the free stream, with the properties of the sediment transfer process 
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being different in the two zones.  The relating concentration profile models are 
established for these two regions based on logarithmic law and power law.   
In our work, we use the Gauss-Newton nonlinear optimization method to find the 
parameters.  The logarithmic matching equation (1) contains three parameters: (1) the 
von Karman constant in near bed region κ = 0.4; (2) the von Karman constant in main 
flow region κm which is less than 0.4; (3) the integration constant C1; and (4) the 
matching parameter x0. 
The logarithmic matching equation (2) contains two parameters: (1) the exponential 
parameter,γ1 and ( 2 ) the power constant, α1.  
The inner suspension region concentration equation contains two parameters: γ and α. 
The outer suspension region concentration equation contains only one parameter of B. 
                  
6.2 Conclusions 
Two new models for velocity profiles in sediment-laden open channel flow and relative 
concentration profiles for two suspension region were tested by data from the previous 
investigators.  The following conclusions are derived from this study: 
(1) The equations of velocity distribution in sediment-laden open channel flow were 
derived by using logarithmic method.  These two models agree well with the 
observation velocity profiles in experimental data. 
(2) In logarithmic law analysis (model I), the von Karman constant, κm, in main flow 
region decrease with suspended sediment.  This trend has also been observed in 
other experiments done by other researcher.  The bigger the size of the sediment, 
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the steeper was the change in the von Karman constant when sediment 
concentration was increased 
(3) The integration constant C1 is affected by the channel bed, free surface.   In this 
study, the mean value of C1 is -7.0241. 
(4) The matching parameter x0 showed a trend of increasing in value with sediment 
concentrationC .  This parameter represents the intersection between the main 
flow region and the inner bed region.  Therefore, an increasing in this value 
means that the near- bed region of the flow becomes larger when sediment 
concentration increases. 
(5) In power law analysis (Model II), the Richardson number, Ri, has a significant 
effect on the exponential parameter γ1.  The stronger the density gradient, the 
exponential parameter γ1 is larger.   A relation between γ1 and Ri exists and γ1 can 
be calculated by equation (4.19). 
(6) The power law constant α1 decreases when Richardson number is larger. The 
constant α1 can be calculated by equation (4.20) 
(7) The influence of the suspended sediment particles will affect the concentration 
profile through the changes of the velocity profile, hence the variations of α, γ and 
B in concentration profiles are not sensitive to the variations of ω/u*, but they are 
related to Richardson number. It means that the velocity profiles are more 
affected by the near bed sediment concentration, as suggested earlier by Vanoni 
and Nomicos (1960) and Karim and Kennedy (1987). 
(8) The constant γ decreases with the increase in the value of Ri and the γ values are 
varied according to the size of sediment. 
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(9) The constant α increases when the density gradient, Ri, increases.  The value of α 
can be calculated by equation (5.13).  
(10) The parameter B decreases with increasing the density gradient, Ri.  The 
parameter B can be calculated by equation (5.14). 
The influence of the suspended sediment particles will affect the concentration profile 
through the changes of the velocity profiles.  Therefore the parameters in 
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 APPENDIX A 
 
 MATLAB PROGRAMS 
Program for solving parameters in the logarithmic matching equation 
In this appendix the program used to analyze the logarithmic matching equation and to 
determine the parameters.  This program is written by Matlab technical language. 
 
function k_opt = logmatchingequation 
%Check whether the log matching equation (2) is valid in sediment-laden 
flow and to determine the parameters 
 
 
%determine the parameter of  
%k(1) = Gamma 
%k(2) = Alpha 
 
Path = 'C:\MATLAB6p1\work\colemandata1\colemandata'; 
ParFileName = 'C:\MATLAB6p1\work\explaw1\cole1986\par4.m'; 
ModelType = 'LograthmicMatching'; 
Optimizer =2; 
k_ini =[0.1354   8.3145];  
Pars_default = [0.0141 74 0.315]; 
IsPlot = 1; 
% 
% --- END EDITION 
 
clear Record k_opt 
Record = struct([]); 
if ~exist(OutputDir, 'dir'), disp ('OutputDir not found.'); return; end 
 
OutputFileName = [OutputDir, 'Output_', num2str(rand(1)*1000,3)]; 
 
if ~exist(ParFileName, 'file'), disp ('Parmeter file not found.'); return; end 
[FileName, se, F, RB, Conc, SandSize, u, h] = textread(ParFileName, '%s %f %f %f %f 
%s %f %f', -1, 'commentstyle', 'matlab'); 
 
 
for k = 1:length(FileName) 
    if ~exist([Path, filesep, FileName{k}],'file'), warning ([FileName{k}, ' << not 
found.']); continue; end 
    Record(end+1).Name = FileName{k}; 
    Record(end).SandSize = SandSize{k}; 
    Record(end).Conc = Conc(k); 
    Pars(1) = se(k); Pars(2) = F(k); Pars(3) = RB(k); Pars(6) = u(k); Pars(7) = h(k); 
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    Record(end).Pars = Pars; 
    try 
        [k_opt{k}, Ysim, X, Y] = drive([Path, filesep, 
FileName{k}],[],ModelType,k_ini,Optimizer,Pars,IsPlot); 
        %k_opt{k} = drive([Path, '\', FileName{k}],[],ModelType,k_opt{k},1,Pars,1); 
        if IsPlot 
            drawnow 
            saveas(1, [OutputDir, FileName{k}, '.fig'], 'fig') 
        end 
    catch 
        disp (['Error occour processing ', FileName{k}]) 
        disp (['Reason: ', lasterr]) 
        k_opt{k} = [nan nan nan nan]; 
        Ysim = []; 
    end 
    Record(end).k_opt = k_opt{k}; 
    Record(end).Ysim = Ysim; 
    Record(end).X = X; 
    Record(end).Y = Y; 
     
    Work = 100 * k / length(FileName); 
    fprintf (' \n\n %2.2f % finished.\n\n', Work) 
end 
 
for k = 1:length(k_opt) 





function [k_opt, y_sim, X, Y] = drive(DataFileName, NumDataUsed, ModelType, k0, 
Optimizer, Pars, IsPlot) 
 
% --- get data 
Data = load (DataFileName, '-ascii'); 
if isempty(Data) | size(Data,2) < 2, error ('Invalid data format'); end 
x = Data(:,1); y = Data(:,2); 
if ~isempty(NumDataUsed) 
    x = x(NumDataUsed(1):NumDataUsed(2)); 
    y = y(NumDataUsed(1):NumDataUsed(2)); 
end 
 
% --- data preprocessing 





    k_opt = optimize(k0,ModelType,X,Y); 
case 2 
    k_opt = optimize2(k0,ModelType,X,Y); 
otherwise 
    k_opt = k0; 
end 
 
% --- simulate with optiminum constant 
intv = (X(end)-X(1))/100; 
x_sim = [X(1):intv:X(end)] 
y_sim = simfun(k_opt,ModelType,x_sim,max(Y)); 
 
if IsPlot 
   
% --- ploting 
%    figure(1) 
%   plot(Y,X,'bo',y_sim,x_sim, 'r') 
%  title (['Data File name: ', strrep(DataFileName,'\', '\\')]) 
%  legend('Data of Coleman (1986)', 'Logarithmic matching equation (2)',0) 
%  xlabel('u/u*') 
%  ylabel('yu*/v') 
%   
%  figure(2) 
     loglog(Y,X,'bo',y_sim,x_sim,'r'); 
     title (['Data File name: ', strrep(DataFileName,'\', '\\')]) 






% --- optimization(1) 
 
function k = optimize(k0,ModelType,x,y) 
%LSQNONLIN Solves non-linear least squares problems. 
 
options = optimset ('largescale','on','Jacobian', 'off', 
'maxfuneval',100000,'maxiter',300,'tolx',1e-20,'tolfun',1e-8,'Display', 'Iter'); 
[k] = lsqnonlin('objfun',k0,[0.1 1]',... 
                                                [10 50]',options,ModelType,x,y); 
 
                                             
                                             
 % --- optimization(2)  
 function k = optimize2(k0,ModelType,x,y) 
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%FMINUNC  Finds the minimum of a function of several variables. 
 







function [err, JN] = objfun(k0,ModelType,x,y) 
%error between actual value and calculated value 
%err = objfun(x,y,ModelType,k) 
 
if nargin<4,error('too few arguments');end 
 
if nargout == 1 
    Ycalc = simfun(k0,ModelType,x,max(y)); 
else 
    [Ycalc, JN] = simfun(k0,ModelType,x,max(y)); 
end 
err = y - Ycalc; 
 
% --------------------------- 
function err = objfun2(k0,ModelType,x,y,ymax) 
%sum square error between actual value and calculated value 
% err = objfun2(x,y,eqn,k) 
% 
%   x: input 
%   y: output 
%   eqn: model equation to use 
%   k: constant 
%   for ' 
%       k(1) --- gamma1 
%       k(2) --- alpha1 
 
if nargin<4,error('too few arguments');end 
 
 Ycalc = simfun(k0,ModelType,x,max(y)); 




function [Ycalc, JN] = simfun(k,ModelType,X,ymax) 
%simulate input 
%err = objfun2(X,y,eqn,k) 
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%         X0 = exp((log(k(2))- log(k(5)))./(k(4)-k(1))); 
        Ycalc = (X).^k(1).*k(2).*(1+(X./6300).^7).^(((-1/3) - k(1))./7); 
 
case 'Loglaw1' 
    Ycalc = 1./0.4.*log(X) + k(1); 
otherwise 
    error ('unknow model name') 
end 
 





function [X,Y] = datapreproc(x,y,Pars) 
% data preprocessor 
% 
%   Y = u/u_star 
%   X = u_star * y / nu 
 
global u_star nu  
 
F = Pars(2);                %temperature 
RB = Pars(3);               %nydraulic radius 
C = Pars(5);                %volume metric concentration 
ustar = Pars(6);            %shear velocity  
h = Pars(7);                %flow depth 
 
r0 = 1000; 
rs = 2650; 
 
 
yh = x./1000;           %conversion from 
                                %conversion ot metres 
                                %flow depth to actual depth, 
 
% Calculate Kinematic Viscocity 
T = 273.16 + F; 
a = -1.94; 
b = -4.8; 
c = 6.74; 
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T_o = 273.16;                    %Temperature in Kelvin at zero degrees Celsius 
mu_o = 0.001792;                   %Dynamic viscosity at zero degrees Celsius 
y1 = a + b.*(T_o/T) + c.*(T_o./T).^2; 
mu = mu_o.*exp(y1);             %formula for dynamic viscosity at Temp T(Kelvin) 
% nu = mu./1000;                   %Kinematic viscosity 
nu = mu.*(1 + 2.5.*C + 6.25.*C^2 + 15.62.*C^3)./(r0 +(rs-r0).*C); 
% shear velocity of grain resistance 
u_star = ustar; 
 
%Reynold number 
X = yh.*u_star./nu; 
%dimensionlss velocity profile u/u* 
Y = y./u_star; 
 
                                             





% analysis by concentration effect 
 
Path = 'C:\MATLAB6p1\work\colemandata1\colemandata'; 
ParFileName = 'C:\MATLAB6p1\work\Blanblatt\loglaw\par7.m'; 
CourseMarker = 'bs'; MediumMarker = 'bd'; FineMarker = 'b+'; 
% 
 
clear Record k_opt 
Record = struct([]); 
 
if ~exist(ParFileName, 'file'), disp ('Parmeter file not found.'); return; end 
[FileName, gamma , alpha, Conc , Ri, SandSize] = textread(ParFileName, '%s %f %f %f 
%f %s', -1, 'commentstyle', 'matlab'); 
 
 
for k = 1:length(FileName) 
    if ~exist([Path, filesep, FileName{k}],'file'), warning ([FileName{k}, ' << not 
found.']); continue; end 
    Record(end+1).Name = FileName{k}; 
    Record(end).gamma = gamma(k); 
    Record(end).alpha = alpha(k); 
    Record(end).Conc = Conc(k); 
    Record(end).Ri   = Ri(k); 




Course = struct('x', [], 'gamma', [], 'alpha', []);  
Medium = struct('x', [],'gamma', [],'alpha', []);  
Fine = struct('x', [],'gamma', [],'alpha', []);        
 
for k = 1:length(Record) 
    % --- orginize data 
    if isequal(Record(k).SandSize, 'C'),  
        Course.x(end+1) = Record(k).Ri; 
        Course.gamma(end+1) = Record(k).gamma; 
        Course.alpha(end+1) = Record(k).alpha; 
    elseif isequal(Record(k).SandSize, 'M') 
        Medium.x(end+1) = Record(k).Ri; 
        Medium.gamma(end+1) = Record(k).gamma; 
        Medium.alpha(end+1) = Record(k).alpha; 
    elseif isequal(Record(k).SandSize, 'F') 
        Fine.x(end+1) = Record(k).Ri; 
        Fine.gamma(end+1) = Record(k).gamma; 
        Fine.alpha(end+1) = Record(k).alpha; 
    end 
end 
 
% --- plot concentration figures 
close all        
 
 plot(Course.x, Course.gamma, CourseMarker, Medium.x, Medium.gamma, 
MediumMarker, Fine.x, Fine.gamma, FineMarker); 
 plot(Course.x, Course.alpha, CourseMarker, Medium.x, Medium.alpha, MediumMarker, 
Fine.x, Fine.alpha, FineMarker); 
 
 title ('\gamma_1 vs sediment concentration'), xlabel ('sediment concentration'), ylabel 
('\gamma_1'),  
 title ('\alpha_1 vs sediment concentration'), xlabel ('sediment concentration'), ylabel 
('\alpha'),  
 
 legend ('Course', 'Medium', 'Fine', 0),  








% Concentration profiles optimize two functions and determine parameters 
% 
 % --- get data 
[filename, filepath]=uigetfile('*.*', 'Open data file'); 
if isequal(filename,0),  
    disp ('Previous data is used.');  
else 
    Data = load([filepath, '\', filename], '-ascii'); 
    if isempty(Data) | size(Data,2) < 2, error ('Invalid data format'); end 
end 
x = Data(:,1); y = Data(:,2); 
 
 
%filename = 'C_40.m'; 
h = 132.6; 
ConnerPoint = 7; 
X10 =  [-0.5568 0.002]; % initial guess 
X20 = [1520]; % initial guess 
Options = optimset('Display', 'Iter'); 
 
 
%Data = load(filename, '-ascii'); 
yh1 = Data(1:ConnerPoint,1) ./ h; 
yh2 = Data(ConnerPoint:end,1) ./ h; 
C1 = Data(1:ConnerPoint,2); 
C2 = Data(ConnerPoint:end,2); 
 
% --- optimization 
x_opt1 = fminsearch(@objfun2, X10, Options, @simfun1, yh1, C1); 




% --- plotting 
% 
%  C_calc1 = simfun1(x_opt1,yh1); 
%   C_calc2 = simfun2(x_opt2,yh2); 
  
  intv = (yh1(end)-yh1(1))/100; 
 x_sim1 = [yh1(1):intv:yh1(end)+0.1] 
 C_calc1 = simfun1(x_opt1,x_sim1); 
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  intv = (yh2(1)-yh2(end))/100; 
 x_sim2 = [yh2(end)+0.1:intv:yh2(1)-0.1] 
 C_calc2 = simfun2(x_opt2,x_sim2); 
 






function Err = objfun2(x, simfun, yh, C) 
% Sum square error to be minimized 
 
Err = objfun(x, simfun, yh, C); 




function Err = objfun(x, simfun, yh, C) 
% Error to be minimized 
 
C_calc = feval(simfun, x, yh); 
Err = C_calc - C; 
 
% --------------------------- 
function C = simfun1(x, yh) 
 
C = x(2) .* yh.^x(1); 
% --------------------------- 
function C = simfun2(x, yh) 
 
C = (1./-(exp(-3.9798+1.3315.*log(x(1))))).*log(yh)+1./x(1); 
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 APPENDIX B 
 




Einstein and Chien (1955) did experiments in a steel recirculation flume, which is 35.7 
cm deep, 30.7 cm wide and 120cm long.  The slope was adjustable by means of an 
especially designed jack and the discharge was variable by changing the speed of the 
pump.  Water and sediment leaving the flume were recirculated by a propeller pump 
located at the downstream end of the flume.  The velocity distribution was measured at 
25-31 vertical points between one-third and one-half of the depth to the flume bed.  A 
different size of sand was glued to the bottom of the flume.  Some velocity profile 














































Data of Einstein & Chien (1955)
Logarithmic matching equation(1)




   









Data of Einstein & Chien (1955)
Logarithmic matching equation(1)


















































Data of Einstein & Chien (1955)
Logarithmic matching equation(1)
Run = S2 









Data of Einstein & Chien (1955)
Logarithmic matching equation(1)



















































Data of Einstein & Chien (1955)
Logarithmic matching equation(1)
Run = S3 









Data of Einstein & Chien (1955)
Logarithmic matching equation(1)



















































Data of Einstein & Chien (1955)
Logarithmic matching equation
Run = S4 









Data of Einstein & Chien (1955)
Logarithmic matching equation
Run = S4 
 
 










































Data of Einstein & Chien (1955)
Logarithmic matching equation
Run = S13 









Data of Einstein & Chien (1955)
Logarithmic matching equation
















































Data of Einstein & Chien (1955)
Logarithmic matching equation(1)
Run = S−15 









Data of Einstein & Chien (1955)
Logarithmic matching equation(1)

































 APPENDIX C 
 
 ANALYSIS OF COLEMAN'S (1986) VELOCITY PROFILES 
 
   
Coleman (1986) used in the experiment was 35.6 cm wide and 15 m long with a Plexiglas 
channel.  The bottom and walls are assumed to be smooth throughout the experiments.  
The velocity was measured at 12 points over the entire water depth.  During experiments, 
the average velocity was 1.05 m/s in the turbulent layer.  The water depth and the 
corrected slope were 1.07 m and 0.002, respectively except the last three runs where 






















































Data of Coleman (1986)
Logarithmic matching equation (2)
Run 1 













Data of Coleman (1986)






























Data of Coleman (1986)
Logarithmic matching equation (2)
Run 5 













Data of Coleman (1986)
































Data of Coleman (1986)
Logarithmic matching equation (2)
Run 14 












Data of Coleman (1986)

































Data of Coleman (1986)
Logarithmic matching equation (2)
Run 21 













Data of Coleman (1986)





































Data of Coleman (1986)
Logarithmic matching equation (2)
Run 30 













Data of Coleman (1986)



































Data of Coleman (1986)
Logarithmic matching equation (2)
Run 40 













Data of Coleman (1986)


























 APPENDIX D 
 
 ANALYSIS OF COLEMAN'S (1986) CONCENTRATION PROFILES 
 
 
Coleman’s (1986) data set is a valuable source.  The flume used in the experiment was 
35.6 cm wide and 15 m long with a Plexiglas channel.  The bottom and walls are 
assumed to be smooth throughout the experiments.  The velocity was measured at 12 
points over the entire water depth.  During experiments, the average velocity was 1.05 
m/s in the turbulent layer.  The water depth and the corrected slope were 1.07 m and 
0.002, respectively except the last three runs where slope were 0.0022.  The maximum 




















Coleman’s (1986) data 
Run 6 
( I ) 













( II ) 
 



















































( I )  
( II ) 











( I ) 

























































( I ) 












( I ) 
( II ) 
 













































Coleman’s (1986) data 
Run 23 
( I ) 
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( II ) 
 
 
Fig. D.6. A concentration profile of sediment-laden flows. [(a) semilog coordinates; (b) 
log-log coordinates;] 
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